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Abstract 

D-branes, topological defects in string theory on which string endpoints can live, may 
give new insight into the understanding of the cosmological evolution of the Universe 
at early epochs. We analyze the dynamics of D-branes in curved backgrounds and 
discuss the parameter space of M-theory as a function of the coupling constant and of 
the curvature of the Universe. We show that D-branes may be efficiently produced by 
gravitational effects. Furthermore, in curved spacetimes the transverse fluctuations of 
the D-branes develop a tachyonic mode and when the fluctuations grow larger than the 
horizon the branes become tensionless and break up. This signals a transition to a new 
regime. We discuss the implications of our findings for the singularity problem present 
in string cosmology, suggesting the existence of a limiting value for the curvature which 
is in agreement with the value suggested by the cosmological version of the holography 
principle. We also comment on possible implications for the so-called brane world 
scenario, where the Standard Model gauge and matter fields live inside some branes 
while gravitons live in the bulk. 
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1 Introduction 



Recent important developements both in field theory JIJ and in string theory [f2| are 
based on the idea that in different regions of the parameter space there are different 
light modes and therefore different effective actions. A famous example is electric- 
magnetic duality: at weak coupling the fundamental degrees of freedom are electrically 
charged fields while monopoles are heavy. At some point of the moduli space, however, 
magnetic monopoles become the only light states of the theory. Switching to an effective 
description in terms of the new light fields allows to address problems that, from the 
point of view of the original formulation, are difficult and non-perturbative. 

Identifying properly the light modes is especially important when dealing with the 
problem of singularities. An important example is the conifold singularity that appears 
in Calabi-Yau compactifications when there is a non-trivial 3-cycle with period z. In 
the limit z — > the moduli space apparently develops a singularity. However, it was 
realized in || that a D3-brane wrapping on this cycle has a mass ~ \z\, and becomes 
massless in the limit z — > 0. The singularity is due to the fact that we have integrated 
out this massless state. Including this state in the low energy effective theory shows 
that there is no singularity (see also @]). 

A similar situation may appear when dealing with the issue of cosmological singu- 
larities in string theory. In general, in any cosmological model based on string theory, 
one has to face a regime of strong coupling and large curvatures when approaching the 
big-bang singularity. Consider, for instance, the cosmological evolution obtained from 
the lowest order effective action of string theory, taking as initial conditions a flat, 
weakly coupled configuration j5]. The classical solution evolves toward a singularity in 
the strong coupling/ large curvature regime. Most of the approaches adopted to smear 
out this singularity consist in adding perturbative a' or loop corrections to the string 
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effective action || 0]. It is possible that these corrections regularize the classical solu- 
tions - hopefully before entering the fully strongly coupled regime - thus providing a 
consistent and satisfying solution of the singularity problem. 

If instead the evolution enters the full strongly coupled/large curvature regime, one 
can ask whether it is possible to turn to a new description, which amounts to summing 
up the whole tower of massive closed string modes and/or to resum non-perturbatively 
the loop expansion. To get some insight into this question, it is instructive to consider 
an analogous situation in more details. Let us consider two parallel Dirichelet p-branes. 
The amplitude of the interaction is given by || 

a - v { dP+lk f°° - V e - w *( fc2 + m ?) m 

,A ~ P J (2tt)Wo 2t Y ' 
where the sum I is over the spectrum of an open string stretching between the two 
branes and V p is the brane volume. This amplitude is reproduced by an effective 
potential V(v,r), which depends on the D-branes separation r and relative velocity v, 
since mj = mj(r,v). Expanding in powers of v, V(v,r) = J2 n un V n (r), one finds || 

where g n (t) is non-singular for finite t and behaves like t n as t — > oo. As emphasized in 
Ref. 0, the singular behaviour at r — > may only come from the t — > oo integration 
region, and eq. shows that this region is dominated by the light modes of the open 
string stretching between the two branes. Therefore, the short distance region can be 
studied truncating eq. (HD to the first few open string modes, and the short distance 
singularity is controlled by the lightest mode. 

However - exchanging the world-sheet space and time - the amplitude A can also 
be seen as due to closed string exchange, and the poles from the massless modes of 
the closed string come from the integration region t — > ||. This limit determines the 
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large r behaviour of the interaction. Therefore, the amplitude can be computed exactly 
either as a sum over all closed string modes or as a sum over all open string modes, but 
the truncation to the first few modes of the open and closed string is valid in different 
domains : a truncation to the lightest modes of the open string is appropriate in the 
limit r C A s , where A s is the string length, and it is therefore suitable for the study of 
short distance singularities; the truncation to the lightest modes of the closed string is 
appropriate in the limit r ^> A s , where it reproduces the supergravity results. 

Similarly - if we consider the D-brane as a solitonic solution in supergravity - the 
metric and the dilaton field diverge when approaching the D-brane, i.e. as the 
distance from the brane goes to zero. The considerations presented above suggest 
that this divergence is in fact not meaningful, since supergravity is not the right tool in 
such a regime. Trying to cure this divergence by including the pile- up of massive closed 
string states in the supergravity effective action - i.e. trying to catch the features of 
the region t — > oo performing a perturbative expansion around t = — is not the 
most economic procedure. One should instead adopt the more appropriate open string 
picture. The effective Lagrangian which is suitable in this regime is written in terms 
of the lightest mode of the stretched string, with mass m ~ r/Af. In other words, one 
should not look for a regular metric and dilaton field. The appropriate description is 
now in terms of different low energy fields. 

The above discussion suggests the following approach to cosmological singularities. 
Rather than trying to obtain a non-singular evolution for the metric and the dila- 
ton, close the singularity one should describe the system in terms of new low energy 
modes appropriate to the strong coupling/large curvature regime, and understand the 
matching between the standard lOD-supergravity and the new effective Lagrangian de- 
scription (related ideas have been presented in ref. PU|). In the strong coupling regime, 
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D-branes are the fundamental players. In the string frame their tension is ~ 1/g — 
(in string units) while the tension of the fundamental string is (9(1). So at weak cou- 
pling D-branes are heavy and irrelevant to the dynamics, while at strong coupling they 
are the light objects of the theory. In particular the DO-brane of type IIA has a mass 



and the D-string of type IIB has a string tension l/(g2ira f ), while the Fundamental- 
string has tension 2ira'. The duality between D-string and F-string is even more 
clear using the Einstein frame, where the F-string has a tension g 1 ^ 2 / (2-Ka 1 ) and the D- 
string g^ 1 / 2 / (2na'). D-branes also naturally lead us to think in terms of 11 dimensions. 
For instance, the DO branes of type IIA string theory from the 11-dimensional point 
of view have a very simple interpretation as Kaluza-Klein (KK) modes of M-theory 
compactified on S 1 [[11] which - at low energy and large distances - is described by 
HD-supergravity D-branes are therefore expected to play a fundamental role in the 
very early epochs of the cosmological evolution, if the evolution goes through a strongly 
coupled regime. 

The coupling g is not the only parameter that determines which objects are light 
and which are heavy. In a curved background the characteristic value of the curvature 
is crucial as well. We will show that the background gravitational field modifies the 
DO-brane mass and the Dp-branes tension. A first interesting phenomenon takes place 
when the expansion rate of the Universe H becomes of order of the inverse radius 
of the 11 th dimension 1/R n . At this stage the 11 th dimension opens up, DO-branes 
become tachyonic and are efficiently generated. A second critical phenomenon occurs 
when H is of the order of the inverse of the ll t/l -dimensional Planck length £ p . The 
renormalization of the brane tension due to the gravitational field becomes crucial and 
D-branes become tensionless. The would-be Goldstone bosons of the broken translation 
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invariance become tachyonic and there appear large transverse fluctuations. At this 
stage the cosmological evolution cannot be described by the low-energy string effective 
action and one has to take into account the appearance of new light degrees of freedom 
such as the pseudo-Goldstone bosons and new phenomena like the breaking up and 
continous creation of D-branes. Our results indicate that the value of the curvature 
cannot exceed a limiting value of order of £~ 2 . Interestingly enough, this bound turns 
out to be in agreement both with the value suggested by the cosmological version of 
the holographic principle. 

The paper is organized as follows. Taking the Hubble parameter H as an indicator 
of the curvature, the first step of our strategy amounts to identifying what is the most 
appropriate effective lagrangian description in different regions of the (H, g) plane. This 
will be the subject of section 2. In section 3 we discuss the crossover into the 11D region 
and discuss the production of DO-branes. In section 4 we compute the renormalization 
of the Dp-brane tension and study the transition to a D-brane dominated regime. In 
section 5 we present our conclusions and discuss the implications of our findings for 
pre-big-bang cosmology and for the recent developements on the possibility of lowering 
the string scale down to a TeV. 

2 The cosmological 'phase diagram' of M-theory 

Let us first discuss the parameter space of M-theory compactified on S 1 , as a function 
of the coupling g and of the typical value of the curvature. In the following we will 
take the Hubble parameter H (or \H\ for a contracting Universe) as the measure of the 
characteristic value of the energy and if 2 as the characteristic value of the curvature. 
Our immediate goal is to understand what is the most appropriate description in each 
region of the (H, g) plane: in different regimes for the energy and the coupling we 
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expect different effective descriptions, thus defining a 'phase diagram' of the theory. 
We will then discuss the crossover between different regions. 

Already inspecting the limit g ^> 1 at fixed H, we realize that the phase diagram 
must have a non-trivial structure. In fact, when g gets larger and larger, the tension 
of all D-branes become small, and therefore the mass of the DO-brane, the mass of the 
tower of excitations of the D-string, etc. all become very small. Since at this point we 
have (a plethora of) new light states, the correct effective action at large g has nothing 
to do with the 10-dimensional supergravity Lagrangian, even if one includes string loop 
corrections. The light modes are simply different. 

Similarly - as we will show in section |] - something even more dramatic may happen: 
when H increases at fixed coupling all the Dp-branes become tensionless! This is telling 
us that in this region of the parameter space the important degrees of freedom are Dp- 
branes. 

In fig. 1 we present the cosmological version of the phase diagram for M-theory 
compactified on S* 1 []I2| . The radius of the 11 th dimension is Rn = g\ s and the first 
Kaluza-Klein mode has a mass 1/Rn- If the typical energy scale ~ H <C 1/Rn the 
theory is effectively 10-dimensional, while at H > 1/Rn the 11 th dimension becomes 
accessible. The solid curve X S H = g^ 1 therefore separates the region where the effective 
theory is 10-dimensional from the region where it is 11-dimensional. 

On the 10-dimensional side, the region near the origin corresponds to low curvatures 
and weak couplings, and here the description in terms of the lowest order closed string 
effective action is adequate. String theory provides two kind of corrections to this 10D 
supergravity action: a' corrections, i.e. corrections associated with higher powers of 
the Riemann tensor, which become important as X S H approaches one, and string loop 
corrections, which become important as g approaches one. The dashed lines in fig. 1 
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Figure 1: The phase diagram for M-theory compactified on S 1 . 

limit the validity of the perturbative expansion of the low-energy 10-dimensional string 
effective action. 

On the 11-dimensional side, we can distinguish two regions separated by the curve 
£ P H = 1, where £ p ~ 5 ,1 ^ 3 A S is the 11-dimensional Planck length. The curve is indi- 
cated by the label "Dp-branes". If we cross the border between the 10D and the 11D 
regions at large values of g and we are just above the line identified by the relation 
\ S H = g^ 1 , an adequate description is still provided by 11-dimensional supergravity. 
In fact, now the large g limit is under control since it corresponds to the decompact- 
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ification limit R\\ 3> A s , and at the same time H <C M p , where M p = l/£ p is the 
1 1-dimensional Planck mass. The 10D gravitons (to be identified with the 11-D gravi- 
tons with vanishing momentum along the 11 th dimension) are still the relevant massless 
modes. Quantum production of DO-branes by the gravitational field takes place and a 
new degree of freedom appears, which is the graviton with pu non vanishing, or equiv- 
alently a gas of weakly interacting DO-branes. As we will compute in sect. BL this mode 
becomes tachyonic at the transition, signalling the opening up of the new dimension. 

This description will eventually break down if the system approaches the curve la- 
belled "Dp-branes". If we approach this curve at fixed H and increasing g more and 
more KK-modes must be included as light degrees of freedom and more and more 
Dp-brane states become light because their tensions decrease as g^ 1 . However - as we 
will show in section 5 - something dramatic happens even if we approach the curve 
from below at fixed g and increasing H: all the Dp-branes become tensionless and they 
become the fundamental degrees of freedom! Therefore the Universe enters a regime 
of Dp-brane domination that leads the system to a transition into the full M-theory 
regime. 

Thus, moving from the 10D Sugra region into the 11D Sugra region and then toward 
the full M-theory regime, the basic modes are at first the massless closed string modes, 
then both massless closed string modes and DO-branes (i.e. 1 1-dimensional gravitons), 
and finally only Dp-branes. 

Of course, what is the proper description in the full M-theory region is still an 
open question (with matrix theory [|ll]] being a very interesting candidate), but in the 
following we will argue that its knowledge is not really necessary since our findings 
seem to indicate that the line labelled "Dp-branes' in fig. 1 was never crossed during 
the evolution of the Universe. 
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3 DO-branes production and the opening of the 11 
dimension 

We now discuss the crossover between the lOD-Sugra and HD-Sugra regime. Let 
us begin by recalling a few well known facts about the correspondence between 11- 
dimensional fields or branes compactified on S 1 , and 10- dimensional type IIA quanti- 
ties || . On the 10-dimensional side, the fields are the 10D metric g^, the dilaton 0, 
the antisimmetric tensor field B^ v and RR tensor fields, plus the fermionic partners. 
On the 11-dimensional side, the fields are the metric guN-, with M = (//, 11), a 3-form 
field Amnr and the gravitino, and there are a 2-brane and a 5-brane. 

The correspondence between the fields is given by dimensional reduction from 11D 
supergravity ||13|| , and in particular the dilaton of the 10D theory is related to the 
<?ii,n component of the metric. To obtain directly the relation between the 10D 
metric and dilaton and the 11D metric we can neglect for the moment g^n, which 
produces a RR one-form, keeping only the components g^ u of the 11D metric gMN, 
M = (/!, 11), /j, = 0, . . .9, and the component <7ii,n = b 2 , so that b is the scale fac- 
tor of the 11 th dimension. Then a simple computation shows that the 11-dimensional 
Einstein-Hilbert action becomes 



The scale factor b of the 11 dimension looks non-dynamical at a first sight, since it 
appears without derivatives. One should remember though that the 10-dimensional 
Ricci scalar contains second derivatives of the metric. The fact that b is indeed 
dynamical is made evident by a conformal rescaling gffi — ► b~ 1 g < ^®\ Defining the 
dilaton from 




(4) 



e <t> = b (D-S}/2 } 



(5) 
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where in our case D = 9, one finds 

S = 2^ / dl ° x f^ e "" [ R{W) + > ( 6 ) 

which is the effective action of string theory in the gravity-dilaton sector. 

The KK field g^u becomes instead a RR one-form C M in type IIA. The object 
which is charged under C M in type IIA is the DO-brane, which therefore from the 11- 
dimensional point of view is coupled to g^n an d therefore is a supergraviton with 
momentum pn = 1/Ru. The state with momentum pu = n/Ru, in the type IIA 
language becomes a collection of n DO-branes, an interpretation made possible by the 
fact that n DO-branes have a marginally bound state with a mass n times the single 
DO-brane mass l/^vrf), and this result receives no perturbative or non-perturbative 
correction because this state is BPS saturated. 

The transition at the 10D Sugra/llD Sugra border is therefore different from the 
example discussed in the introduction, since it does not involve a dramatic reshuffling 
of degrees of freedom. The 10D gravitons are still relevant massless modes, but they 
are now embedded in HD-gravitons with vanishing momentum in the 11 th dimension. 
At first sight, one might think that we can neglect the states with non- vanishing mo- 
mentum in the 11 th dimension (i.e. DO-branes), and that we can limit ourselves to 11D 
gravitons, and look for HD-cosmological solutions, spatially constant in all directions 
including the 11 th (for work on 11D solutions see refs. ||14|| ) . 

However, the situation is more complicated and the fields of 11-dimensional super- 
gravity are not the only relevant modes: in a gravitational field, DO-branes can become 
massless and, beyond a critical field, tachyonic. 

The fact that DO-branes are non- negligible degrees of freedom in the 11D Sugra 



regime is already suggested by the computation in Ref. [12] of DO-branes pair produc- 



tion. This can be computed first of all in the HD-Sugra region, considering for instance 
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a process of graviton-graviton scattering with production of DO-branes. While from 
the 10D point of view this process is inelastic and non-perturbative, from the 11- 
dimensional point of view it is simply an elastic scattering process in which the final 
11D gravitons have a component of the momentum along the 11 th dimension. The 
process can therefore be computed reliably, and clearly the production of pairs of DO- 
branes is not suppressed. In Ref. |T2|] the production rate of DO-branes has also been 
computed using matrix string theory. The result, which gives an unsuppressed rate, is 
found to be in agreement with the supergravity calculation, but is expected to be valid 
more in general in the M-theory regime. 

In the early Universe, to produce DO-branes is not even necessary to consider a 
scattering process. A time-varying gravitational field produces particles. The general 
mechanism is the existence of a non-trivial Bogoliubov transformation between the in 
and out vacuum. The amplification of vacuum fluctuations which takes place in any 
cosmological background will produce a spectrum of 11-dimensional supergravitons. 
From the 10D point of view, this means that a background of both 10D gravitons and 
DO-branes are created from the vacuum. 

The analysis is similar to the one performed at finite temperature to identify the 
states which become tachyonic at the Hagedorn temperature in the weak coupling 



regime |15|, [T(| |17]]. Identifying the DO-branes with gravitons with a non- vanishing 
momentum along the 11 th dimension, we need to know the closed string spectrum in 
a gravitational field at oscillator level 1, corrisponding to gravitons, and with non- 
vanishing KK momentum. However, solving the equations of motion and constraints 
of strings in generic curved spacetime is a prohibitive task. One can try the expansion 



fT8| , p~9f| X^(a, t) = 2t m (t) + Y^(a, r), where defines the motion of a point-particle 
and V 1 describes the finite-string size effects. The physical idea behind this expansion 
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is that a small-enough string should follow closely the point-particle geodetic. 

At second order in and large values of the scale factor of the Universe a (or at 
large times), the components Y l (i = 1, • • • , D) satisfy a particularly simple equation. 
Defining \ l — aY 1 — J2nXn ema , one gets |19l 



Xn 



-n z + 



Xl (7) 



where the dot is the derivative with respect to world-sheet time, while i is a parameter 
of the background configuration around which we are expanding. We can physically 
interprete it as the total length of the string and, at least for string not highly excited, 
we can take i ~ \ s . 

Specializing - for simplicity - to the case of isotropic de Sitter geometry^ with con- 
stant H, the frequency modes of the string are given by |H| H5 

1/2 



Un = (n 2 - l 2 E 2 

The mass shell condition of the closed string modes can be written, at large times 



(when the world-sheet time becomes proportional to conformal time [[OJ) as 



1 „ ,-9 m2 

-M - 



4 4R 2 n (2a') 2 2a' 

where \/2a' = X s ; m and q are integers which give the momentum and winding in the 
11 th dimension, iV = Y^=i ^n^n ' a n with ct^, a%> conventionally normalized harmonic 
oscillator operators for the left handed modes, and similarly N for the right-handed 
modes, and N — N = mq; c is the normal ordering constant. 

A collection of N DO-branes is a HD-graviton with iV units of momentum in the 

11 th dimension and therefore has oscillator level n = 1, KK quantum number m = N, 

3 We would like to stress that a period of de Sitter expansion might not necessarily come out as 
a solution of the equations of motion of the system. However, we believe that our analysis provides 
some understanding of a generic stage of cosmological evolution when the curvature has a typical scale 
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and winding number q = 0, (and therefore N = N). Its mass is 



N 2 8 [/. .o„o\i/2 



M = W + Y 2 

-"-11 A s 



1 - ^iZ* - C 



(10) 



The constant c comes from normal ordering and we will set c = 1 as in flat space.0 

Eq. fllOD shows various kind of instabilities. First of all, for large enough Hubble 
constant H, the frequencies u n become imaginary and then the low frequency modes 
become unstable. This instability has been discussed in |19| and has partly motivated 



the pre-big-bang scenario ||. Furthermore, setting iV = 0, we see that, even for small 
values of £H, the graviton becomes tachyonic, with M 2 ~ —A(£ 2 /\ 2 )H 2 < — AH 2 . 
Physically, this is consistent with the fact that in de Sitter space gravitons are produced 
by amplification of vacuum fluctuations, with an effective temperature H/(2tt). 

Here we are interested in the appearance of further tachyonic states, with non-zero 
momentum in the 11 th dimension. Expanding for £H -C 1, for N = 1 a new tachyonic 
mode appears at 

j^-Lsi-L^. (id 

2 i R u ~ 2 R u V ; 

which corresponds to the solid line of fig. 1. Note that £H C ~ \ s /{2Ru) = l/(2g) so 
that our expansion for £H C 1 is consistent in the region g ^> 1. Without relying 
on this expansion, we read from eq. (|T0|) that a tachyon indeed exists, for each N, if 

N 2 /R 2 U - 8/\ 2 < 0, or if g > N/(2y/2). The first new tachyon, N = 1, appears if 

4 Actually, here arises a subtlety which reflects the fact that this approach to quantization in curved 
background is somewhat heuristic and approximate, and cannot be taken too literally. In flat space 
c is obtained evaluating Y]TL 1 n. This can be done e.g. by zeta function regularization or lattice 
regularization. The latter can be performed replacing n with sin(en)/e and performing the sum up 
to n max = 7r/e pOfl , where e is the lattice spacing, and then subtracting the term that diverges as 
1/e 2 in the limit e — * 0. This leaves us with X^^Li n = ~ 1/12, in agreement with zeta function 
regularization. In de Sitter space we should instead evaluate YT =1 {n 2 - PH 2 ) 1 / 2 ; for £H < 1, 
after performing a lattice regularization and evaluating the sum |2l| , we find an additional logaritmic 
divergence so that finally c = 1 + 6£ 2 H 2 (\ogL + Je), with L — ir/e and je the Euler constant. 
Expanding (1 — PH 2 ) 1 / 2 ~ 1 — (1/2)£ 2 H 2 in eq. (|Tc|), we see that this logarithmic divergence can be 
absorbed into a renormalization of the total length of the string I. Therefore the mass is finally given 
by eq. ( |l0| ) with c = 1. Our conclusions on the state at level N = 1 are anyway independent of the 
value of c, as long as the state with N = is tachyonic, which is physically correct, see below. 

13 



g > 1/ (2y/2), which is consistent with the fact that we are working at g > 1 (actually, 
we could now take g = 1/(2 v^) as the more precise location of the 'triple point' in the 
phase diagram, fig. 1). 

This instability is also manifest in the closed string vacuum-vacuum transition am- 
plitude at one-loop, *4.i_i 00 p- The amplitude is given by 

A-ioop = iV d j ^^ttVt^/ 2 ^- 1 ^- 1 , (12) 

where r = t\ + 2T2, the integration is over the fundamental region of the torus, z = 
exp(27rir) and the sum is over the physical closed string spectrum. The limit t 2 —>■ 00 



is dominated by the lightest modes p2 | 



A-ioop = 2mV d r ^(An 2 a'r 2 )- d / 2 ^ exp(-Wm 4 2 r 2 ) . (13) 

and diverges if a tachyon, m? < 0, is present. The instability signals that new channels 
are opening up. Therefore, when the horizon of the Universe contracts approaching the 
critical value H~ l , the effective theory from 10-dimensional becomes 11-dimensional 
and this is signalled by the copious and unsuppressed gravitational production of D0- 
branes carrying longitudinal momentum pn = 1/Rn and - eventually - states carrying 
KK momentum pn = N/Rn which are properly described as marginally bound states 
of iV DO-branes. At H ~ H c and strong coupling the Universe enters a phase where 
the energy density is dominated by the gas of branes produced at large curvature. The 
production of this gas has clearly a regularizing effect on the growth of the curvature 
in a pre-big-bang type scenario. From the 10D point of view, the energy density 
grows until it reaches a critical value, where it is dissipated by generating DO-branes. 
Probably, inhomogeneities in the field configuration play here an important role, as 
seeds for DO-branes formation. 

From the 11D point of view, instead, above a critical value the classical field, which 
was constrained to live in 10D, starts to spread over the 11 th dimension, and its energy 
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density consequently drops. When the Universe enters this phase of DO-brane domi- 



nation the regime of growing curvature is significantly slowed down (see also p3| ). 

The transition at high curvature and non-perturbative regime into a new phase of 
gas of DO-branes that we have just described is reminiscent of the Hagedorn transition 



that takes place at finite temperature in the matrix model |TT| of N DO-branes. At 



low temperatures, there is a string phase where the DO-branes are spread out to form 
a membrane wound around a compact direction. In this phase the ground state must 
be that of a IIA string with a specified value of the string tension. The light modes 
are those of a string. At high temperatures the energy in the strings is overwhelmingly 
found in the highest mode that can be excited with that energy. However, in the 
matrix model there is a cut-off on the mode number. Thus in the partition function 
there is a natural cut-off in the energy integral above which the discrete nature of the 
string becomes important and at this point one has to go back to the original matrix 
model. What happens is that, at high temperatures, the DO-branes prefer to cluster 
at one point, thus the string ceases to exist. One can think of this as the tendency of 
the string to shrink to zero size and disintegrate into a bunch of DO-branes. The light 
degrees of freedom are therefore the massless modes which are just the fluctuations 
about the origin of the N 2 matrix elements. This phase transition can be identified 
with the Hagedorn transition for the IIA string constructed out of the N DO-branes 
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4 The D£>-brane phase 

The goal of this section is to describe the dynamics of the system when the curvature 
of the Universe approaches values of the order of £~ 2 . To do so, we have first to study 
the dynamics of Dp-branes in curved spacetime. 
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4.1 Dp-brane dynamics in curved background 

The action governing the dynamics of a Dirichlet p-brane is 0, £ZSJ 

S = -T P J <P +1 i e-ty/- det(G a/3 + B a/3 + 2na'F af3 ) , (14) 

where T^" 1 = \Za'(2n^/a') p , £ a (a = 0, . . . ,p) parametrize the D-brane world-volume, 
G Q /3 is the induced metric 

= g^(X)d a X^X\ (15) 

while B a f3,F a f3 are the pull-back of B^^F^ to the brane. If we consider a flat back- 
ground metric, g^ v = r/^, and we assume that the extrinsic curvature of the brane is 
small, then we can separate the D + 1 coordinates X^ into p + 1 longitudinal compo- 
nents X^(£) = £ M (/i = 0, . . . ,p) and (.D — p) transverse coordinates X a (where D is 
the appropriate number of spatial dimensions). The induced metric then becomes 

G aP ~ Val3 + d a X a dpX a . (16) 

Neglecting B^ and expanding to second order in dX and F one gets @ 

S = -r p V p - J (F +l i 

where t p = T p /g is the brane tension, V p — J d p+1 £ is the brane volume, g\ M = 
(g I ' \/~a')(2TT\fa')' p ~ 2 and g = e*. The term r p V p is the mass of the D-brane, while the 
fields A a and X a describe the D-brane fluctuations. The longitudinal components A a 
of are governed by a U(l) gauge theory living on the brane, while the transverse 
displacements X a are (D — p) world- volume scalars. 

We now repeat the procedure for a curved background metric g^ u . We concentrate 
on the transverse coordinates X a and we set F^ = B^ v = 0. The most convenient gen- 
eralization of the notion of transverse coordinates to the case of a curved background 
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r, 



^d a X a d a X a + 



^9ym 



a/3 



(17) 



is provided by Riemann normal coordinates. Given a brane configuration arbi- 
trary fluctuations transverse to this configuration are parametrized by (D — p) world- 
volume scalars a (£) as 

x^(o = x^o+<(o<m (is) 

where n%(£) ( a = 1> • • • > — p)) are the (D — p) vectors normal to the brane at the 
point X(£). The expansion of the metric in Riemann coordinates is [26 

g^(X) = g, v - ^ a (t> b R^n p a nl + 0(<p 3 ) , (19) 

where the overbar indicates that the quantity is evaluated at X. If the extrinsic cur- 
vature of the membrane is small, the normal vectors are n p a ~ 5%, and therefore 

g^{X) = - ^X a X b R^ auh + 0(X 3 ). (20) 

(We now use the notation X a = <f) a , so that from now on X a are the fluctuations over X, 
rather than X p for fi = a. We also use the sign conventions r/^ = (— , +,...,+), R^ vpa = 
d p Y^ a + ...). Again, we specialize to the de Sitter background for simplicity, but our 
conclusions can be generalized to any specific situation where if 2 is the typical curva- 
ture scale. The metric is 

ds 2 = a 2 (r])(-dr] 2 + dxM). (21) 

The scale factor is a{rj) = —l/(Hi]), and rj is conformal time, 77 < 0. The Riemann 
tensor is given by R^upa = H 2 (g pp g UIJ — g^Qup) and the induced metric in the limit of 
small extrinsic curvature is then 

+ f ab d a X a dpX b , (22) 

where 

F aP = a 2 (l- l -H 2 a 2 X 2 + 0{X i ))r la(]l (23) 



fab = a 



3 

1 _ Itf VX 2 ) 5 ab + l -H 2 a 2 X a X b + 0(X 4 ) 
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(24) 



and X 2 = "}Z a X a X a . Here X a represents the comoving coordinate and X° = a(r])X a 
is the physical coordinate, which expands with the scale factor. 

We are now in the position to compute det G a p- Retaining only terms up to second 
order in X and dX we get 



S = - Tp V p -T p J <P +1 £a P+1 ]^ aP d a X a dpX a - (P +1 ) a2H2 X a x a 



(25) 



In flat space the fields X a are massless, see eq. fllTD, since they are the Goldstone 
bosons of broken translation invariance in the transverse directions. Recalling that our 
signature is r) a p = (—,+,...,+), we see that in curved space the pseudo- Goldstone 
bosons of broken translation invariance, X p = aX, get a tachyonic mass 



(p+l)H 2 



m 2 = - ^ ^ . (26) 

The situation is very similar to the thermal tachyon which occurs at the Hagedorn 
temperature [T5|, In that case a condensate of winding states forms when the 



periodic imaginary times becomes too small. In the present case the tachyon forms 
because of the nontrivial geometry of the spacetime. 

Switching to cosmic time t and expanding X a (t, £) = J2k X%(t) exp(ik ■ £), the equa- 
tion of motion for the comoving modes X% is 

X* + (p + 2)HXl P -^ r2 ) X t = . ( 27 ) 

where the dot stands for the derivative with respect to cosmic time t. Let us first discuss 
the behaviour of the mode X% in the absence of the tachyonic mass, that is dropping 



by hand the term ~ (p + l)H /3 in eq. (27). The behaviour of a mode X% is very 



simple. As long as the physical wavelength ak~ x of a mode is inside the Hubble radius, 
aX% is an oscillating function whose amplitude descreases as e~z Ht . As the physical 
wavelength grows it crosses the Hubble radius and the comoving amplitude X% becomes 
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frozen, so the physical amplitude grows as a. Returning to the case of interest in which 
the tachyonic mass is present, as long as the physical wavelength is well inside the 
horizon, again the physical amplitude aX% decreases as e~? Ht . However, as the physical 
wavelength crosses the horizon, the comoving amplitude does not remain frozen, but 
instead grows exponentially, so the transverse physical amplitude grows faster than 
the scale factor a and therefore faster than the physical coordinates defining the brane. 
Therefore, any comoving transverse fluctuations of the Dp-brane - even though initially 
damped - will eventually grow and give rise to an instability. As the brane is stretched 
by the expansion of the Universe, transverse fluctuations grow so quickly that the Dp- 
brane cannot be considered as a static object (in comoving coordinates) any longer. 
In fact the brane looses its own identity as physical transverse fluctuations grow faster 
than the physical coordinates defining the Dp-brane. 

To get further insight and to follow the system beyond the approximation of small 
transverse fluctuations, we must compute higher order terms in the tachyon effective 
potential. Let us consider the case of X a not necessarily small but d a X a = 0, so that 
we are interested in the mass of the brane itself, which in flat space is the term t p V p 
in eq. fll7|) , rather than in the kinetic term of the fields X a . For symmetric spaces like 
de Sitter space, the expansion of the metric in Riemann coordinates can be written 
explicitly at all orders in X a ||26|| F1 



9\iv — 9[iv „ 

k=l 




m ii m o\ ■ ■ ■ m < 



(28) 



where 



m 



R^ab(rX a X b — (rj^bVi 



v^Vab)y a y b - 



(29) 



The last equality holds for de Sitter space and we have defined y a = HX®. If we 



5 Compared to eq. (7.20) of Ref. |2(| we have changed the sign in front of J^ fc , to compensate for 
the fact that Ref. p(| has an unusual definition = — g^m a v while we use — g^m v . 
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set d a X a = 0, the induced metric G a p, for small extrinsic curvature^ is simply equal 
to g^p with // = a, v = (3 (recall that ji = (a, a) where a runs over the value zero 
and the longitudinal directions, while a runs over the transverse directions). Eq. (p8|) 
then simplifies considerably since, if the index \i has a 'longitudinal' value a, then m^ 1 
is non-vanishing only if also o\ has a longitudinal value 7, and = —52,y 2 , with 
y 2 = y a y a , and so all indices a%, . . .<Tk-i in e q- (PH) are longitudinal. As a result, we 
find G af3 = f{y)r} af3 with 

« (2y) 2k smh 2 y , . 

^^^gpT^^-V' (30) 

The action in the limit of small d a X a is therefore 

5 = -/ ^(aOW^^X,). (31) 

The function f(y) decreases monotonically, has the perturbative expansion f(y) = 
1 — (l/3)y 2 + . . . around y = and vanishes at y = yo — 1.49. Therefore, in de Sitter 
spacetime the "potential" f(y) of the tachyon field y is negative around the origin 
y = and the field rolls down away from it. 

The existence of the critical point yo might have very interesting implications. If 
HX P approaches the critical value, the Dp-branes become almost tensionless, for any 
value of p. This renormalization of the brane tension is similar to what happens to 
(n, 1) strings, bound states of one D-string and n fundamental strings. This system 
may be described by a D-string with a world volume electric field E turned on. As the 
electric field approaches its critical value, n becomes large. The effective tension of the 



(n, 1) string is renormalized by the electric field, T e jj = Ti(l — E ) [27] 



Our result does not come as a surprise since the analysis performed above for small 



6 The assumption of small extrinsic curvature enters when we compute 9 a X M in eq. (|l5|), using the 
expansion ( |T^ ) for X^, with [i a transverse index. We see that it vanishes if both d a cf> a = d a X a = 0, 
and d a n% = 0. 
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fluctuations already suggested that the Dp-brane violently fluctuate along the trans- 
verse directions paying no price in energy. Once some Dp-branes are formed - as we 
expect at strong coupling - they fluctuate along their transverse directions. Long- 
wavelength transverse fluctuations grow and this growth is probably accompanied by a 
huge production of light pseudo-Goldstone bosons of the broken translation invariance. 
Since the branes become tensionless, it becomes easier and easier for the gravitational 
background to produce further massless Dp-branes. On the other hand, when the 
transverse sizes of the Dp-branes become larger than the horizon, the branes presum- 
ably break down and decay. Smaller branes are continuously created and the situation 
is quite similar to what happens in a network of (cosmic) strings. One can also envisage 
various other dynamical phenomena like the melting of two or more branes when they 
are closer than the horizon distance. 

Furthermore, we know that DO-branes carry an halo around them of size ~ £ p even 
though they appear point-like. Therefore, in the context of M-theory it is not sensible 
to require that the fluctuations are smaller then a value of order of the 11-dimensional 
Planck length £ p . Even in the presence of 'minimal' fluctuations with (X 2 ) ~ £ 2 , at 
H rsj l/£ p there must be a change of regime. In fact - if H approaches the line labelled 
"D-branes" in fig. 1 - HX P approaches its critical value. The stage of increasing 
curvature should therefore come to an end and be replaced by a phase where the 
Universe is dominated by a gas of Dp-branes and their excitations. Let us observe 
that - even if we have discussed D-branes with a neglegible extrinsic curvature - the 
argument can be generalized to arbitrarily bent D-brane. For membranes, this has 
been done in ||28|| , where it has been shown that the extrinsic curvature tensor K a p 
gives a further tachyonic contribution to the mass squared, m 2 ~ — K a pK af3 < 0. 

It is intriguing that the limiting value of the curvature is consistent with considera- 
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tions based on the holographic principle as we now discuss. 
4.2 The holographic principle and cosmology 

Recent developments in black hole physics and in string theory have inspired the so- 
called holographic principle |29|, |3(| . It requires that the degrees of freedom of a given 



spatial region live not in the interior as in ordinary quantum field theory, but on the 
surface of the region. The cosmological version of the holographic principle |3l|] requires 



that the degrees of freedom of a spatial volume of coordinate size the horizon length £h 
should not exceed the area of the horizon in Planck units. If one accepts this argument, 
there are several implications when applying it to 11-dimensional theoriesf]. 

The holographic principle leads us to conjecture that, no matter what is responsi- 
ble for the appearance of branes as fundamental degrees of freedom in the Universe 
and no matter what is the dynamics of the system after it enters the phase of brane 
domination, the horizon length In cannot be smaller than the 11-dimensional Planck 
length l v . Indeed, let us call the spatial direction x 11 longitudinal and the nine remain- 
ing dimensional coordinates transverse. Suppose that the transverse area is occupied 
by a system of longitudinal momentum pu. Being the number of degrees of freedom 
certainly larger than the number (pn-Rn) of KK modes excited in the 11 th dimension, 
the holography principle imposes the following bound 



> Pn R u > 1, (32) 



or 



i H > tp. (33) 

The last inequality of eq. (|32] ) has been obtained using the fact that DO-branes carry 

a longitudinal momentum equal to 1/Ru. 

7 In the context of pre-big-bang cosmology the holographic principle has been recently discussed in 
Refs. [||. 
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To motivate even further our conjecture (^), we can give it the following simple 
interpretation. As we have seen above, in the regime of growing large curvature the 
horizon length iu is contracting and the Universe becomes populated by a gas of branes. 
As in this gas two DO-branes move way from each other, they transfer continuosly their 
energy to any open strings that happen to stretch between them. A virtual pair of open 
strings can thus materialize from the vacuum and slow down, or even stop completely 
the motions of the branes (see Bachas in 0). This phenomenon is similar to the more 
familiar pair production in a background electric field |H| and to the appearance of an 



instability in the D-brane self-energy at finite temperature and weak coupling regime 



at the Hagedorn temperature [34 



We believe that the onset of the dissipation puts a lower limit on the distance scales 
probed by the scattering of DO-branes and it turns out that the dynamical size of DO- 
branes is comparable to the inverse cubic root of the membrane tension, i.e. to the 
ll^-dimensional Planck scale of M-theory! It is therefore clear that the horizon length 
cannot contract to values smaller than £ p , since at this scale the dissipation sets in, 
slowing down the growth of the curvature and - ultimately - stopping it. 

5 Discussion and conclusions 

We now discuss the relevance of our analysis for different cosmological issues. Our 
considerations can be applied for instance to the pre-big-bang scenario ||. The cos- 
mological evolution starts at t — > — oo in the weak coupling, low curvature region, i.e. 
near the origin in fig. 1, where we can use the low energy effective action of string 
theory, neglecting a' and loop corrections. In the string frame (i.e. when the Einsten 
term in the action has a factor e~^ in front) the general homogeneous vacuum solution 
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has the form || 

<n{t) ~ (-t) ai , <f>(t) ~0 o -7log(-t) (-oo<t<0), (34) 
(where aj(i) are the FRW scale factors) which can also be generalized to the non- 



homogeneos case ]35|]. The constants 0^,7 satisfy the conditions 

D D 

£a, 2 = l, 7 + $> i = l. (35) 
i=i i=i 

Setting 7 = one recovers the well known Kasner solution of general relativity. In 

the isotropic case, the Kasner condition fixes a = ±l/y/~D, 7 = 1 =F VD- The solution 

with the lower sign is superinflationary, H > 0, with a growing dilaton, and formally 

reaches a singularity as t — > 0~. In the (H,g) plane, these solutions read 



9 



i+Vd 

H = —j= ( — ] , (36) 
f D \9oJ 



where go is the initial coupling. For D = 9, it has the form ~ fi' 1 '' 4 , a s shown in 
fig. 2, for two different values of the initial conditions. 

The classical solutions displayed in fig. 2 are only valid close to the origin of the 
(H, g) plane. As X S H or g approach one, the form of the solutions is determined by a' 
and loop corrections 0, 0] . Various arguments, based both on the study of perturbative 
a' corrections and on the backreaction due to massive string modes M, indicate that 
the evolution on the 10D side and weak coupling cannot go beyond the region X S H ~ 1, 
see fig. 2. If the solution reaches this regime, the subsequent evolution typically has 
g increasing and H constant or decreasing. On the strong coupling side of the 10D 
region, on the other hand, our results suggest that, even if loop corrections should 
not stop H and g from growing, a change of regime will take place at the latest along 
the curve X S H = 1/g, because of the huge production of relativistic DO-branes. A 
new radiation-dominated regime is expected to take over when the energy density of 
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Figure 2: The phase diagram of M-theory and the lowest order pre-big-bang solutions 
H ~ g 1 / 4 , for two different values of the initial conditions. 

the light DO-branes becomes comparable to the critical energy density for closing the 
Universe. Similar considerations have been put forward in ref. in the context of a 
4D compactification of string theory at weak coupling. 

Further investigations are needed to understand whether the evolution may cross 
into the 11D region - and possibly approach the line labelled "Dp-branes" . If so, we 
think H = l/£ p provides the largest value probed during the evolution. 

Our results may be also relevant for the cosmology of the so-called brane world 
scenario. It has recently been realized that the traditional connection in perturbative 
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1 1 /2 

string theory between the string scale and the Planck mass, M s = ^aQ UT M p does not 



need to be applied to all string vacua [37, 3§ gg gg |T, 22], |3, ||, |5, 46] . A possibility 



that has attracted recently much attention is lowering the string scale down to the weak 
scale, M s ~ TeV, thus giving chances of testing string theory at accelerators. In these 
scenarios, branes play a fundamental role. Indeed, in type I string theory the gravi- 
tational sector consists of closed strings propagating in the higher-dimensional bulk, 
while matter fields consist of open strings living on D5- and D9-branes. Even though 
reconciling this scheme with the tight constraints from cosmology seems particularly 
challenging, it is clear that a complete analysis of the cosmology of the TeV-superstring 
scenario cannot be performed neglecting the presence of fundamental objects such as 
D-branes. For instance, in the brane world scheme, inflation may automatically take 
place in the pre-big-bang era and be driven by the dilaton field of the closed sector 
of type I string theory. As we pointed out, D-branes represent a key ingredient for 
understanding how the singularity is avoided and how the Universe enters a radiation- 
dominated regime. Fundamental issues such as the determination of the "reheating" 
temperature of the Universe after the stringy phase, the stabilization of the dilaton field 
and of the radii of the extra dimensions may be thoroughlly addressed only including 
D-branes in the whole picture. 
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